The rearrangement results provided are not only of intrinsic interest, but also yield tools for more detailed examinations involving the local integrablility of maximal functions. They are used in a companion paper to prove that if f is supported on Q, Q M y M x f < ∞, and Q M x M y f = ∞, then there exists a set A of finite measure in R 2 such that A M S f = ∞.
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|f (z)| dz. The first rearrangement result we consider is a simple consequence of the following result due to E. M. Stein [6] :
Theorem 5. Let f be a measurable function supported on I n , the unit ncube in R n . There exist positive, finite constants c, C (depending on n) such that
Inequalities such as (5) will often be denoted by
for the remainder of this paper. Also, the unit square I 2 in R 2 will be denoted by Q.
Corollary 6. Let f and f be equidistributed functions supported on I n . Then
Let g be the function supported on Q which is a horizontal rearrangement of g and such that g(x, y) is nonincreasing in x, i.e., g (x 1 , y) ≥ g (x 2 , y) for any 0 ≤ x 1 ≤ x 2 ≤ 1 and any value of y. One can readily compute that Q M y g < ∞ but Q M y g = ∞. We do have the following result, however: Theorem 8. Let f be a nonnegative measurable function supported on Q. Let f be the function supported on Q which is nonincreasing in x and such that, for each y ∈ [0, 1], f ( · , y) and f ( · , y) are equidistributed.
Then
where c is a universal constant.
similarly. It suffices to show that λ(α) ≤ 400 λ (α/64). Without loss of generality, assume f is smooth on Q. Take the Calderón-Zygmund decomposition of f with respect to α on each vertical segment in {s
For f one may produce the associated sets Q x,j,α in a similar fashion.
Let
It suffices to show that | E 4α | ≤ 2|E α |. To see this, recall from the theory of the Hardy-Littlewood maximal operator M HL that if g is a measurable function supported on the unit interval [0, 1], g ≥ 0,
and E HL,α = Q j,α , where the Q j,α are the intervals obtained by taking the Calderón-Zygmund decomposition of g with respect to α, then
To show that | E 4α | ≤ 2 |E α | we proceed as follows: First we consider the special case in which
Having taken the Calderón-Zygmund decomposition of f with respect to α described above, we obtain the disjoint sets Q x,j,α ⊂ [0, 1] for each x ∈ [0, 1] and the associated set E α . Now, f (p) ≤ α for almost every p in the complement of E α . So if S is a measurable subset of Q and |S| > 2 |E α |, then S f ≤ 2α|S|. Now let φ : Q → Q be a measure-preserving bijection such that f (φ(p)) = f (p) for any p ∈ Q. Using φ we see that 
For the Calderón-Zygmund decomposition of f with respect to α as above, obtaining the associated sets Q x,j,α , E α . Note that E α ⊇ E α , so without loss of generality we may assume f = f . Hence, without loss of generality, Let
. 
Corollary 10. Let f be a nonnegative measurable function supported on Q.
Let f be a function on Q which is nonincreasing in x and such that, for each
To do this, it suffices to show that, given a nonnegative function g supported on [0, 1] and p ∈ (0, 1), we have
, where c is independent of g and p, and g is the function supported on [0, 1] which is equidistributed to g and such that
A |g| = α. Assuming without loss of generality that 1 0 g ≤ α/2, we take a Calderón-Zygmund decomposition of g with respect to α/4, yielding intervals Q j,α/4 . Now
The statement of Corollary 10 is false if the operator M y M x is replaced by either M x M y or M S . To exhibit a counterexample, we first define the functions h 2 n as follows:
Let now the function h be defined by
More details in this regard are found in [4] . We now consider rearrangement results involving sums of maximal operators. A good example of such a result is the following:
Theorem 11. Let f and f be equidistributed functions supported on Q. Then
Proof. In [3] it is shown that if f is supported on Q, then
The result then follows from Theorem 5.
We now strengthen this result. Define the maximal operators M , M as follows:
Definition 12. Let f be a measurable function supported on Q. The associated maximal function Mf is defined on Q by 
Proof. By Theorem 5, we need only to show (12). Now, by a theorem of Jessen, Marcinkiewicz, and Zygmund [5] we already know that
So it suffices to show that Q M HL f Q Mf + M y f . We may assume without loss of generality that f is smooth and nonnegative. Let f (x, y) be the function supported on Q which is nonincreasing in x and such that, for each y
We now show Q M f Q (Mf + M y f ). To do this, it suffices to show that
Now, let f be a function supported on Q which is equidistributed to f and such that f (
We now turn to a substantially more sophisticated rearrangement result involving sums of iterated maximal operators. The following result, besides being of intrinsic interest, is used in [4] to show that for any measurable function f supported on Q,
This is in turn used to show that if f is a function supported on Q such that
, where h is defined as in (7), (8) 
Proof. Without loss of generality, assume f is nonnegative. Let f be a function supported on Q which is nonincreasing in x and such that f ( · , y) and f ( · , y) are equidistributed for each y ∈ [0, 1]. It suffices to show that
It suffices then to prove the reverse of this last inequality. This step is somewhat involved and will be the focus of the remainder of this paper.
It will be technically convenient to work with the dyadic analogues of the maximal operators M HL , M , M , M x , and M y . Recall that a dyadic interval 
We will also require the following definition and theorem introduced in [3] : 
In particular, 1 2 sup
The maximal operators M , M , M HL , M S , and their corresponding dyadic analogues satisfy the desired Tauberian condition, since M HL is of weak type (1, 1) . Also, as a matter of notation, if a given maximal operator M β is naturally associated to a collection β, as, say, M S is associated to the set of rectangles with sides parallel to the axes, we will frequently denote the Córdoba-Fefferman collection CFC(β) by CFC (M β ).
We will need the the following lemma:
Proof. By Equations (10) and (12) we realize
x f , and in view of the inequality We now finish the proof of Lemma 19, and hence the proof of Lemma 18 as well. Without loss of generality, we assume f is a nonnegative smooth function supported on Q.
Let 0 < = 2 −k < 1, k ∈ Z + . Let R x, denote the set of dyadic rectangles in Q of height . Let the maximal operator M ∆ x, be given by We have Q M y M x f Q M y M x f by Corollary 10, and
by Corollary 24. So
as desired.
